Heteroskedasticity worksheet 11
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GLS

. What information does LS ignore that can lead to a more efficient estimator (in the presence of
heteroskedasticity)?

Observations with less variance should be given more weight than observations with high variance.
The observations with smaller variance are more “valuable”.

. P is going to help us derive the GLS estimator. What is the relationship between > and P?

> l=PP

. When 3 is diag(o?,...,02), what is the P matrix?

L 0
o1
P=|:
1
0 o

. Write the formula for the GLS estimator. Then show how P can be used to transform the base
population model to get the GLS estimator.

The GLS estimator is:

Bars = [X'S7'X] 7 X'nly
The P matrix can be used to transform the population model:
Py=PX3+ Pe
Applying LS to this model yields:
[(PX)(PX)] 7 (PX)(Py)
—[X'P'PX] "' X'P'Py
—[x's71X] T XSy

which is the GLS estimator.



Properties of GLS
. Show that applying LS to the transformed model (using P) leads to an unbiased and consistent
estimator.

Since P is a non-random matrix, F[Pe| = PFE]e|, and assumption A.3 and A.5 are not affected.
The LS estimator is still unbiased and consistent.

. Show that the transformed model achieves A.4.

V [€*] = V[Pe€]
= PV(e)P'
= P(X)P' = PLP
—p(x P
—pP(PP)'P
— PP (P) P =1
. Argue that GLS is more efficient than LS using the G-M theorem.

The transformed model has an error-term that satisfies the usual assumptions. In particular, the
transformed model is homoskedastic. So, if we apply LS to the transformed model, we’ll get the BLU
estimator of 3, by the Gauss-Markhov Theorem. This means that LS, under heteroskedasticity, is
inefficient.

Unknown o2

. Show that we just need to know €2 in order to do GLS.
If we instead use P'P = Q to get the P matrix, we get the same GLS estimator. That is, if:

then the P matrix used to transform the data can instead be written as:

—-1/2

Wiy 0
P = :
0 w;,%m

The LS estimator applied to the transformed model is:

)] (P (Py)
X P’PX] X'P'Py
X'Q° 1X] X'Q 'y
X] X'(o*)7!
X'y 1X] X'y ly

(PX
=
=
=[x’
=

which is the same GLS estimator derived before.
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. What is the interpretation of knowing €2 instead of 7

We don’t need to know the variance of each observation, we just need to know their proportionality.

Explain why GLS is also called “weighted least squares”.

GLS amounts to weighting the data by the inverse of the square root of the proportionality constants
Wij:

1
2

_1 _1 _1
wiizyi = ﬁlwiiz + B2 <W“‘ $i2> + -+ <wu~26i>

Suppose that n = 3. 03 = 407 and 03 = 907. What is the P matrix? What does weighted least
squares look like?

100
Q=104 0
009
100
P=10 3% 0
00 3

The first observations are multiplied by 1, the second observations are multiplied by %, and the
third observations are multiplied by %

Clustering

What happens when each observation has the same variance, but we instead observe only the
average observation over groups of different size?

The averaged observations have differing variance based on their group size.
Explain how to construct the GLS estimator using “clustered” data (data that has been averaged
over groups of known size.

The © matrix will be:

L 0
ni

Q= :
0 1

where m are the number of groups and n; is the group size. The P matrix is then:

\/ﬂ 0
L
0 M

Each observation 7; and X; are multiplied by the square root of their group size.

FGLS

Explain what FGLS is.

FGLS is when we need to estimate the  matrix.



