
1/14
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Algebraic properties

First, note that the LS residuals are “orthogonal” to the regressors:

X ′Xb−X ′y = 0 “normal equations”
(k × 1)

So,

−X ′(y −Xb) = −X ′e = 0

or,

X ′e = 0 (1)

If the model includes an intercept, then one regressor (first column of
X) is a unit vector. In this case we get three further results.
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Result 1: The LS residuals sum to zero

X ′e =

 1 · · · x1k
...

. . .
...

1 · · · xnk


′ e1

...
en

 =

 1 · · · 1
...

. . .
...

x1k · · · xnk


 e1

...
en


=

 ∑
i ei
?
?

 =

 0
...
0


From the first element:

n∑
i=1

ei = 0 (2)
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Result 2: The fitted regression passes through the
sample mean

X ′y = X ′Xb

or,

 1 · · · 1
...

. . .
...

x1k · · · xnk


 y1

...
yn

 =

 1 · · · 1
...

. . .
...

x1k · · · xnk


 1 · · · x1k

...
. . .

...
1 · · · xnk


 b1

...
bk

 .

So,  ∑
i yi
?
?

 =

 n
∑

i xi2 . . .
? . . . ?
? . . . ?


 b1

...
bk

 .
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From the first row of the vector equation:∑
i

yi = nb1 + b2
∑
i

xi2 + · · · + bk
∑
i

xik

or

ȳ = b1 + b2x2 + · · · + bkxk
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Result 3: The sample mean of the fitted y-values equals
the sample mean of actual y-values

the unobservable components of yi can be replaced by estimates and
residuals:

yi = x′iβ + εi = x′ib+ ei = ŷi + ei.

So,

1

n

n∑
i=1

yi =
1

n

n∑
i=1

ŷi +
1

n

n∑
i=1

ei,

or,

ȳ = ŷ + 0 = ŷ
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Partitioned and partial regression

Suppose the regressor matrix can be partitioned into 2 blocks:

y = X1β1 + X2β2 + ε
(n× 1) (n× k1) (k1 × 1) (n× k2) (k2 × 1) (n× 1)

When multiplying or transposing matrices with a partition, the par-
titions behave as if they were elements in a matrix.

The model is now:

y = [X1 : X2]

[
β1

β2

]
+ ε = Xβ + ε,
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The LS estimator is still:

b = (X ′X)
−1
X ′y.

We can rewrite the LS estimator as:

b =
{

[X1 : X2]
′
[X1 : X2]

}−1
[X1 : X2]

′
y

=


 X ′1

· · ·
X ′2

 [ X1 : X2

]
−1  X ′1

· · ·
X ′2

y
and (

b1
b2

)
=

[
X ′1X1 X ′1X2

X ′2X1 X ′2X2

]−1(
X ′1y
X ′2y

)
.
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The “normal equations” underlying this are

(X ′X) b = X ′y

or: [
X ′1X1 X ′1X2

X ′2X1 X ′2X2

](
b1
b2

)
=

(
X ′1y
X2
′y

)
Solve the normal equations independently for b1 and b2!

X ′1X1b1 +X ′1X2b2 = X ′1y (3)

X2
′X1b1 +X2

′X2b2 = X2
′y (4)
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From 3:

(X ′1X1) b1 = X ′1y −X ′1X2b2,

or:

b1 = (X ′1X1)
−1
X ′1y − (X ′1X1)

−1
X ′1X2b2

= (X1
′X1)

−1
[X ′1y −X ′1X2b2]

(5)

If X ′1X2 = 0, then b1 = (X ′1X1)
−1
X ′1y.

Why do the “partial” and “full” regression estimators coincide in this
case?
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Now, substitute 5 into 4:

(X ′2X1)
[
(X ′1X1)

−1
X ′1y − (X ′1X1)

−1
X ′1X2b2

]
+ (X ′2X2) b2 = X ′2y,

or

[
(X ′2X2) − (X ′2X1) (X ′1X1)

−1
(X ′1X2)

]
b2 = X ′2y−(X ′2X1) (X ′1X1)

−1
X ′1y

and so:

b2 =
[(
X ′2X2

)
−
(
X ′2X1

) (
X ′1X1

)−1 (
X ′1X2

)]−1
[
X ′2

(
I −X1

(
X ′1X1

)−1
X ′1

)
y
]

Define:

M1 =
(
I −X1 (X ′1X1)

−1
X ′1

)
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Then, we can write:

b2 = (X2
′M1X2)

−1
X2
′M1y

If we repeat the whole exercise, with X1 and X2 interchanged, we get:

b1 = (X1
′M2X1)

−1
X1
′M2y

where:

M2 =
(
I −X2 (X ′2X2)

−1
X ′2

)
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M1 and M2 are idempotent matrices. For example, M1M1 =
M1M

′
1 = M1 = M ′1M1.

Due to the idempotent property, we can write:

b1 = (X∗′1 X
∗
1 )
−1
X∗′1 y

∗
1 ; b2 = (X∗′2 X

∗
2 )
−1
X∗′2 y

∗
2

where:

X∗1 = M2X1 ; X∗2 = M1X2 ; y∗1 = M2y ; y∗2 = M1y

The Frisch-Waugh-Lovell theorem states that b1 and b2 from the
above two equations correspond to the LS estimator b in the full,
un-partitioned, regression model. Why are these results useful?
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The M matrix is sometimes referred to as a “residual-maker” matrix.
That is, MQq produces the LS residuals from a regression of the
vector q on the matrix Q.

Let M1 =
(
I −X1 (X ′1X1)

−1
X ′1

)
. Prove that M1y is equal to the LS

residuals of a regression of y on X1.


