Econometrics I - Heteroskedasticity

Ryan T. Godwin

University of Manitoba



Figure: Possible heteroskedasticity in the CPS data. The variance in wage
may be increasing as education increases. The reasoning is that individuals
who have not completed highschool (or university) are precluded from
many high-paying jobs (doctors, lawyers, etc.). However, having many
years of education does not preclude individuals from low-paying jobs. The
spread in wages is higher for highly educated individuals.
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Homoskedasticity

If assumption A4 is satisfied, then € is identically distributed. This
means that all of the ¢; have the same variance. That is, all of the
random effects that determine Y, outside of X, have the same
dispersion. The term homoskedasticity (same dispersion) refers to this
situation of identically distributed error terms.

Stated mathematically, homoskedasticity means:

Var[e;| X;] = 02, Vi

The variance of € is constant, even conditional on knowing the value
of X.

Homoskedasticity means that the squared vertical distance of each
data point from the (population or estimated) line is, on average, the
same. The values of the X variables do not influence this distance
(the variance of the random unobservable effects are not determined
by any of the values of X). See figure 2.



Figure: Homoskedasticity. The average squared vertical distance from the
data points to the OLS estimated line is the same, regardless of the value of
X.
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Heteroskedasticity

Heteroskedasticity refers to the situation where the variance of the
error term € is not equal for all observations. The term
heteroskedasticity means differing dispersion. Mathematically:

Var[e;| X;] # o0 , Vi

or
Var[e;| X;] = o?

Each observation can have its own variance, and the value of X may
influence this variance.

Heteroskedasticity means that the squared vertical distance of each
data point from the estimated regression line is not the same on
average, and may be influenced by one or more of the X variables.



Figure: Heteroskedasticity. The squared vertical distance of a data point
from the OLS estimated line is influenced by X.
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Heteroskedasticity

In this chapter we revisit assumption A.4, which says:

The term “non-spherical disturbances” refers to the situation where
V [€] # o%I,,. In this chapter, we instead generalize the specification
of the error term in the population model:

Ele]=0 ; V[=0’Q=% (1)

Equation 1 allows for the possibility of one or both of
heteroskedasticity and autocorrelation. In this chapter we examine the
situation of heteroskedasticity, and how this more general situation
for the covariance matrix of the error term affects our LS estimator,
and hypothesis testing.



The error term is said to be heteroskedastic when varle;] = o2, and
there are some o? # UJZ. That is, each observation can have a different
variance, and the term “heteroskedasticity” means “differing
dispersion.” The alternative to heteroskedasticy is homoskedasticity

(which we have been assuming via A.4), where var[e;] = o2.



In the case of heteroskedasticity, the covariance matrix for the error
term takes the form:

w11 0 0 O'% 0 0
0 w22 0 0 0'2 0
P2Q=0| . =1 T | = diag(e?)



When the error term e exhibits heteroskedasticity, we will find that:

» The LS estimator is still unbiased and consistent.

» The LS estimator is now inefficient.

» The usual estimator for V[b] (which has been s?(X’X)~! in
previous chapters) is now inconsistent, which invalidates
hypothesis testing.

A solution to the inefficiency of LS is to use the generalized least
squares (GLS) or feasible (FGLS) estimator, which also takes care of
the inconsistency of the standard errors of b. A common practice,

however, is to ignore the inefficiency of LS and use a robust estimator
for V[b] (such as White’s heteroskedastic robust covariance estimator).



Load and plot a dataset that potentially has heteroskedasticity (see
Figure 4):

1 ccard <- read.csv("https://rtgodwin.com/data/creditcard.csv"

)

2 plot(ccard$income, ccard$avgexp)



Figure: Credit card expenditure data possibly exhibits heteroskedasticity.

(0]
—
2 .
2
o 3
o | .
éﬁ
g8
8 o1
—
= ®
8 ® ®
bg_ L) ® .0. [ 1)
0
[0) * 8 ='. * ®
% & & -: L] ®
®
5 O_O.‘“-c % e o
% T T T T T
2 4 6 8 10

income



Statistical properties of LS estimation in the presence of
heteroskedasticity

Recall the proof that the LS estimator is unbiased:

b= (X'X) ' X'y=(X'X)""X(XB+e)
=8+ (X'X) " X'e
E(b) =B+ (X'X)" X'E(e) = 8

We need to use assumption A.3 and A.5 to establish this result, but
we do not need A.4. Hence, heteroskedasticity does not affect the
unbiasedness property of LS. Similarly, plim[b] = 8 whether the error
term is heteroskedastic or not. (The IV and NLS estimators will also
be consistent in the presence of heteroskedasticity).



Now, let’s consider the covariance matrix of our LS estimator under
heteroskedasticity:

V(p) =V |8+ (x'x)"

X'e] =V [(X’X)*1 X'e]
- [(X’X)‘1 X'V (€)X (X’X)‘l]

= [(X'X)‘1 X'020X (X’X)‘l]

v [02 (X’X)*l]

where we have used assumption 1 instead of A.4. We can see that if
O = I, then we get the usual expression for V' (b).



The usual computer output (for example from summary ()), will be
using s2 (X’X)fl7 which is the wrong formula! The standard errors,
t-statistics, confidence intervals, will all be incorrect. The usual
estimator for the covariance matrix of b, namely s? (X’'X )_1, will be
an inconsistent estimator of the true covariance matrix of b.

The LS estimator will turn out to be inefficient under
heteroskedasticity, but it is easiest to show this after we develop the
generalized least squares (GLS) estimator, and so we postpone this
discussion for later. For now, we turn to the most pressing issue - the
inconsistency of the estimator for the covariance matrix of b.



White’s heteroskedastic consistent covariance matrix

If we knew X, then the “estimator” of the covariance matrix for b
would just be:

Vi = [(X'X) ' X'sX (X’X)*l} 2)

The covariance matrix in equation 2 is known as a sandwich
covariance matriz. In practice, V[e] = ¥ will usually be unknown and
need to be estimated. But since ¥ is n X n and explodes as n — oo, it
seems hopeless to try to get a consistent estimator for 3. However, we
can find a consistent estimator when we consider the entire middle of
the sandwich.



For asymptotic theory, what we actually need is an estimator for the
covariance matrix of v/n(b — 3), not 8. By distributing the factor n
we can rewrite equation 2 as:

= () (o) (o) |

where we see that we need to find a consistent estimator of %X 'Y X.
While ¥ is n x n and explodes as n — oo, the matrix %X’ZX isa
k x k symmetric matrix, and has k distinct elements in the diagonal

(with autocorrelation there would be 3(k? + k) distinct elements).



Let Q* = (L X’SX). In the case of just heteroskedasticity (for
autocorrelation we would have wix; terms), @* becomes:

* 1 - 2 /
Q"= " ;‘77: LTy
White (1980) showed that if we define
So = 1 i elxx!
sz = o

then
plim (Sp) = Q"



Since LS is still consistent under heteroskedasticity, the residuals e
are still consistent estimators for €. This means that we can estimate
the model by LS, get the residuals e, and then a consistent estimator
of VI[b] will be:

Y :% Kix'x) - (;ieQw:ﬂ> (iX'X) 1]

In practice we ignore the n~! and use:

Vib] = (Ze z;@ ) (x'x)"" (3)

which amounts to replacing every diagonal element of 3 with a
squared residual. The sandwich estimator in 3 is called a
heteroskedasticity-consistent covariance matrix estimator, and is valid
regardless of the unknown form of the heteroskedasticity. Taking the
square roots of the diagonal elements of 3 gives us the het-consistent,
or “robust” standard errors.



There are alternatives to the sandwich estimator in 3. Alternate
versions include multiplying the entire matrix by n/(n — k) as a
degrees of freedom correction, or using €?/(1 — h;) instead of just eZ,
where h; is the i*" diagonal element of the Px matrix. All of the
alternatives are consistent estimators, and differ in their finite sample
properties, which vary depending on the data.

As a result of using a sandwich estimator such as in 3, the t-statistics,
F-statistic, standard errors, confidence intervals, etc. will be modified,
but only in a manner that is appropriate asymptotically. This means
that the usual test statistics will be unreliable in finite samples, and
instead of the t-distribution and F-distribution we should use their
asymptotic approximations: the standard Normal and Chi-square
distributions.



Example - Robust standard errors.

Use the credit card expenditure data to estimate the model:
avgexp = (1 + foage + Bzownrent + Byincome + Ssincome? + €
Download the data:

ccard<- read.csv("https://rtgodwin.com/data/creditcard.csv")

Estimate the model assuming homoskedasticity:

ccard.mod <- 1lm(avgexp age + ownrent + income
+ I(income~2), data = ccard)
summary (ccard.mod)

Estimate Std. Error t value Pr(>|tl)

(Intercept) -237.147 199.352 -1.190 0.23841
age -3.082 5.515 -0.559 0.57814
ownrent 27.941 82.922 0.337 0.73721
income 234.347 80.366 2.916 0.00482 =xx*
I(income"2) -14.997 7.469 -2.008 0.04870 x*



If we have heteroskedasticity, then the standard errors, t-statistics,
and associated p-values, are all wrong! Install and load a package
capable of “sandwich” covariance matrix estimation:

install.packages ("sandwich")
library (sandwich)

and get White’s heteroskedastic consistent covariance matrix
estimator from equation 3 (we can change the type to use alternate
estimators):

coeftest (ccard.mod, vcov = vcovHC(ccard.mod, "HC1"))

Estimate Std. Error t value Pr(>|t])
(Intercept) -237.1465 220.7950 -1.0741 0.28665

; age -3.0818 3.4226 -0.9004 0.37112
ownrent 27.9409 95.5657 0.2924 0.77090
income 234.3470 92.1226 2.5439 0.01328 =*
I(income "2) -14.9968 7.1990 -2.0832 0.04105 =*

The standard errors have either decreased or increased, and some are
quite different! The significance of one of the regressors has changed,
for example. Ignoring the possibility of heteroskedasticity, and thus
using the wrong standard errors, can invalidate hypothesis testing.



Testing for homoskedasticity

Heteroskedasticity reduces the efficiency of the LS estimator of 3 (we
still haven’t showed this) and has serious implications for the
properties of the associated standard errors, confidence intervals, and
tests. It would be very useful to have a test of the hypothesis that the
errors in our regression model are homoskedastic, against the
alternative that they exhibit some sort of heteroskedasticity. Because
LS is still a consistent estimator of 3 even if the errors are
heteroskedastic, we can use the LS residuals to construct tests that
will still be (at least) asymptotically valid.



White’s test

Consider the following null and alternative hypotheses under the
standard population model:

Hozaizza2 ;o 1=1,2,...,n vs. Huy: Not Hy

The alternative hypothesis is very general, and no specific form of
heteroskedasticity has been declared. To implement the test:

1. Estimate the model by LS, and get the residuals,

e; ; 1=12,...,n.

2. Using LS again, regress the e? values on each of the z’s in the
original model; their squared values; all of the cross-products of
the regressors; and an intercept. We are using the information in
X to approximate any possible unknown form of
heteroskedasticity.

3. The nR? from the regression in Step 2 is asymptotically X(Qp)
(Chi-square distributed) if Hy is true; where p is the number of
parameters that are estimated at Step 2.

4. Reject Hy in favour of H 4 if the p-value for the nR? statistic
from the chi-square distribution is small.



Note the limitation of this test:
» It is valid only asymptotically.

» The test is “non-constructive”, in the sense that if we reject Hy,
we don’t know what form of heteroskedasticity we may have.

» This means that it won’t be clear what form the GLS estimator
(in the next section) should take.

Even though White’s test is non-constructive, it can provide enough
information to alert us to use White’s heteroskedasticity-consistent
estimator of V(b). In fact, there is little, if anything, to be lost in
using this covariance matrix estimator, as long as the sample is large.
This is because homoskedasticity is just a special case of
heteroskedasticity. That is, the heteroskedastic consistent covariance
matrix estimators do not rule out the possibility of homoskedasticity.



White’s test in R

Use the data and model from Example 21 to test for the presence of

heteroskedasticity:
1 ccard <- read.csv("https://rtgodwin.com/data/creditcard.csv"
)
2 ccard.mod <- 1lm(avgexp ~ age + ownrent + income + I(income

~2), data = ccard)

Install and load a package:

1 install.packages ("skedastic")
2 library (skedastic)

and calculate White’s test using the white() function:

i white(ccard.mod, interactions = TRUE)

1 statistic p.value parameter method alternative
2 <dbl> <dbl> <dbl> <chr> <chr>

3 1 14.3 0.426 14 White’s Test greater

The White test statistic is 14.3, with a Chi-square p-value of 0.426.
We fail to reject the null of homoskedasticity after all! Are the
degrees of freedom for the Chi-square distribution right?



White’s test by hand

Use the data from Example 21 and 26 to test for the presence of

heteroskedasticity “by hand”. Get the squared residuals from the
estimated model:

1 ccard <- read.csv("https://rtgodwin.com/data/creditcard.csv"

)

2 ccard.mod <- lm(avgexp ~ age + ownrent + income + I(income
~2), data = ccard)
3 ccard.res.sq <- ccard.mod$residuals ~ 2

and regress the squared residuals on all regressors, squared regressors,
and cross-products:



N

summary (lm(ccard.res.sq ~ age + ownrent + income
+ I(income~2) + I(age~2) + age*ownrent
+ age*income + age*I(income”2) + ownrent 2
+ ownrent*income + ownrent#*I(income~2) + I(income~2)
+ I(income~3)+ I(income~4), data=ccard))

Coefficients:
Estimate Std. Error t value Pr(>|t])

(Intercept) 1637390.4 1290979.7 1.268 0.2097
age 5366.2 48893.8 0.110 0.9130
ownrent 812036.8 991630.2 0.819 0.4161
income -2021697.6 1053559.1 -1.919 0.0598
I(income~2) 669055.3 365666 .7 1.830 0.0724
I(age~2) -424.1 627.5 -0.676 0.5018
I(income ~3) -86805.3 51162.6 -1.697 0.0950
I(income "4) 3762.7 2277 .4 1.652 0.1038
age:ownrent 4661.7 14424.6 0.323 0.7477
age:income 11499.9 15614.3 0.736 0.4643
age:I(income"2) -1093.3 1568.1 -0.697 0.4884
ownrent :income -510192.3 469792.6 -1.086 0.2819
ownrent:I(income ~2) 51835.1 61799.8 0.839 0.4050

Signif.codes: 0 ‘xxx’ 0.001 ‘xx’ 0.01 ‘x’> 0.05 ‘.’ 0.1 ¢ ’ 1

Residual standard error: 274600 on 59 degrees of freedom
Multiple R-squared: 0.199, Adjusted R-squared: 0.0361
F-statistic: 1.222 on 12 and 59 DF, p-value: 0.2905



We are essentially looking at the “overall fit” of this auxiliary
regression, or the “joint significance” of all of the explanatory
variables. Typically we would look at the p-value of 0.2905 for the
joint significance. But this is an F-test, and we are in an asymptotic
setting. So, instead of the F-test and F-distribution we use the Wald
test and the Chi-square distribution. The Wald test statistic is

nR? =72 x 0.199 = 14.3 (same as from example 26) and the
associated p-value is:

1 - pchisq(72 * 0.199, 14)

[1] 0.4255717



But the degrees of freedom of 14 is wrong! Two of the cross-products
are redundant and have been dropped from the auxiliary regression,
leaving us with p = 12 and the proper p-value is:

1 - pchisq(72 * 0.199, 12)

[1] 0.280255

The white () provides the wrong p-value. In any case, we cannot
reject the null of homoskedasticity using White’s test, even though
heteroskedasticity seems apparent from Figure 4. What would be the
safe thing to do in this case?



Generalized least squares

We now turn to the estimation of 3, taking into account when the
error term is heteroskedastic. Using this information should enable us
to improve the efficiency of the LS estimator.

In the present context, (Ordinary) LS ignores some important
information, and we’d anticipate that this will result in a loss of
efficiency when estimating 3. Intuitively, observations with less
variance should be given more weight than observations with high
variance. The observations with smaller variance are more “valuable”.

Let’s see how to obtain an efficient (also linear and unbiased)
estimator. Recall that we are allowing a general form for the
covariance matrix of the error term: V(e) = X. Generally ¥ will be
unknown. However, to begin with, let’s consider the case where it is
actually known.



Clearly, ¥ must be symmetric, as it is a covariance matrix. Assume
that ¥ is also positive-definite. Then, ¥~ is also positive-definite,
and so there exists a non-singular matrix, P, such that ¥~! = P'P.
Now, if:

—O'% ... O T

= :
L0 - on ]

then
_— 0
o1
P=1: o
0 ... 4

Consider the population model where all usual assumptions hold
except A.4:
y=XB+e ; €~][0,3]



Recall the Gauss-Markhov theorem in Section ??7. A critical
assumption in the Gauss-Markhov theorem is A.4. So, the LS
estimator, under heteroskedasticity, is inefficient. However, consider
pre-multiplying the population model by P:

Py = PXB+ Pe (4)

or write:

where * denotes that the variable has been transformed using P. Note
that, because P is a diagonal matrix, we are simply scaling the *"
observation of all variables by the reciprocal of the square root of each
error term’s variance:

1 1 1 1 1
—Yyi=bi—+Pe—zip+ -+ BT + —Ti2E (5)
o) 05 g5 o) 05



Applying LS to the transformed model in 4 (or equivalently model 5),
yields the generalized least squares (GLS) estimator. This is also
known as “weighted least squares”, since we are weighting each
observation using the inverse of it’s standard deviation. Note that
observations with high variance receive less weight.

Applying LS to the transformed model 4 gives the formula for the
GLS estimator:

X* ] X*/ *

X)(p )] (PX)(Py)
P'PX| ' X'P'Py
Sx] T XSy

ﬂGLS [
=[P

=X’
= [X



Properties of the GLS estimator

Since ¥ is a non-random matrix, so is P. This means that if we have
assumptions A.3 and A.5 to begin with, transforming the data using
P will have no effect on these assumptions. For example:

Ele’] = E[Pe] = PE[e] =0

Very importantly, the transformed model attains assumption A.4 (this
was the whole point of transforming the model in the first place; to
recover A.4):
V [e'] = V[P¢]
= PV (e)P’
=P ()P =PxP



Because P is both square and non-singular, note that:

PSP =P (s P
—pPpP) P

=pPY(P) P =1

and so:
Vil =1 (7)

The transformed model, y* = X*3 + €*, has an error-term that
satisfies the usual assumptions. In particular, the transformed model
is homoskedastic. So, if we apply (ordinary) least squares to the
model, y* = X*3 + €*, we’ll get the BLU estimator of 3, by the
Gauss-Markhov Theorem. This means that ordinary LS, under
heteroskedasticity, is inefficient.



Moreover, all of the results that we established with regard to testing
for linear restrictions and incorporating them into our estimation, also
apply to GLS if we make some obvious modifications. For example,
we would estimate estimate sigma?® using 62 = ey, seqrs/(n — k),
and to test Hy: RB=q wvs. Hj: RB # q we could use the

—~ -1 ~
F-statistic F = (RBeyg — q)' [R (X x*)"! R’} (RBeyps — )/ 762,
where X* is the transformed data.



Unknown o2

In this section we highlight that, in order to perform GLS, all we
really need to know is the proportionality of the variances between
observations, not the actual variance.

An important difference between the GLS estimator in equation 6,
and the ordinary LS estimator, is that it appears to require that o? is
known to be 1 (in equation 7, 2 = 1). But, if we write:

Vie| =% =d%Q

then we will see that as long as (2 is known, we can obtain the GLS
estimates. That is, all we need to know is the proportionality of the
difference in variance between observations. For example, if we knew
that some observations had twice as much variance as others, we could
perform GLS without knowing the exact magnitude of the variances.



If 2 is unknown but © is known to be:

w11 O
Q:

then the P matrix used to transform the data can instead be written

as:
w11_1/2 0

0 w2



The GLS estimator becomes:
Bars = [XIE_IXT1 X'y ly
=[x (029)’1)(}71)(’ (0>2) 'y (8)
— [x'0'x] T X'y

which amounts to weighting the data by the inverse of the square root
of the proportionality constants w;;:

_1 _1 _1 _1
wy; *Yi = Prwy; * + B2 (Wii 2I¢2) +-+ (wii 2@)

Now we can see that the error term in the transformed model has
variance V[e*] = %I, when ¥ is unknown, but  is known.



Clustering

In some cases we will actually know the form of the
heteroskedasticity, so we can apply GLS directly. Suppose that we
have the usual population model:

Yi = B1+ Bawiz + - + BrTik + €
Eleg]=0 ; var.[g] =07 ; 1iid
However, suppose that we only observe “grouped” data, rather than

the observations on the individual agents. This happens frequently in
practice, when data are released in this way to preserve confidentiality.



Suppose there are m groups (e.g., income groups), with n;
observations in the j** group; j = 1,2,...,m. The model that we can
actually estimate is of the form:

Yy =01+ BT+ -+ BT+ 6 5 J=1,2...m

That is, rather than seeing the data at an individual level, we are
seeing the data averaged over each group. Clearly, averaging the data
over the groups does not change the fact that the error term is still
mean zero:

E[g)=F =0

=1 i=1




but it does change the wvariance of the error term across groups:

var - [€;] = var - [Tj] Zei] = [le Zvar. (ei)]
= (njo?/nj)

= (02/nj).

The n; values are generally reported, so we know the proportionality
of the error covariance matrix:

1/ny - 0
o’ =02 : . :
0 - 1/ny,
Because (2 is known, we can compute the GLS estimator for 3
directly using Bgrg = [X'Q71X] ! X'Q ty.



Feasible generalized least squares (FGLS)

In many cases the Q) matrix will be unknown. In order to be able to
implement the GLS estimator, in practice, we're usually going to have
to provide a suitable estimator of 2. We'll want to obtain an
estimator that is at least consistent, and place this into the formula
for the GLS estimator, yielding:

~ ~ -1 ~
Brows = [X'07'x| X0y

A problem is that the  matrix is (n X n), and it has n distinct
elements. However, we have only n observations on the data. This
precludes obtaining a consistent estimator. We need to constrain the
elements of 2 in some way. In practice, this won’t be a big problem,
because usually there will be lots of “structure” on the form of €.
Typically, we’ll have Q = Q(8), where the vector, 8 has low dimension.



For example, we can specify the skedastic function (a function that
determines a variable’s conditional variance):

var(e;) = exp(z;0) 9)

where z; are regressors that may contain some or all of x;, @ is a
parameter vector to be estimated, and the exponent keeps the values
of the function positive for any @ (variances must be positive). To
obtain a consistent estimator of 8, we can run the auxiliary regression
using LS:

log e? =2z,0 + ¢

to find the estimates .



The elements of the 2 matrix can then be estimated using the
predicted values from the above regression:

Wi = (exp (zi§>)1/2 (10)

finally, the FGLS estimates are obtained by applying LS to data that
has been weighted using the fitted values @;; from equation 10.



Approaches to obtain Q using the LS residuals, such as above, are
valid because LS is consistent even in the presence of
heteroskedasticity. This extends to the residuals: they are consistent
estimators for the unknown error term. The residuals can be used to
test for the presence of heteroskedasticity (as in White’s test),
construct heteroskedastic-robust covariance estimators, and as we
have now just seen, estimate the unknown form of heteroskedasticity.

Obtaining a consistent estimator for €2 in turn ensures that the FGLS
estimator is also consistent (the proof is difficult and not shown here).
The FGLS estimator will also be asymptotically efficient. Little can be
said about its finite sample properties however, and it will usually be
biased, with the bias depending on the form of 2 and our choice of €.



